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Abstract. In this paper we prove the bilinear analogue of de 
Leeuw's result for periodic bilinear multipliers and some Jodeit 
type extension results for bilinear multipliers. 



1. Introduction 

In their much acclaimed work Lacey and Thiele [10] , [TT] proved the 
boundedness of the bihnear Hilbert transform and estabhshed a long 
standing conjecture of A. P. Calderon. Since then the study of bilin- 
ear multiplier operators which commute with simultaneous translations 
have attracted a great deal of attention. For a comprehensive survey 
we would like to refer the interested reader to the article of Grafakos 
and Torres [7]. 

One of the important themes of study of multipliers is about 
the relationship between multipliers on the classical Euclidean groups 
M", T", 17^. de Leeuw [5] studied the restrictions of multipliers on 
M" to T". These kind of relations between bilinear multiplier operators 
defined on M and T have appeared in the work of Fan and Sato p], 
Blasco, Carro and Gillespie [5] and Grafakos [S]. 

Also, in the same paper de Leeuw observed that periodic multipliers 
on M are precisely the ones which are multipliers on Z and vice versa. 
In section 3 we investigate the bilinear analogue of these results. 

The extension question from T" to M" was not fully explored in de 
Leeuw's paper. However, in [9| Jodeit addressed some natural exten- 
sions. A function of Z" is extended to M"" by forming the sum of integer 
translates of a suitable function A. i.e. 
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(For n = 1 if A takes the value 1 at zero and has support in [0, 1) then 
\l/ and (f) agree at integers). In [12] Madan and Mohanty addressed 
the bihnear analogue of this using transference techniques. They have 
shown that the piecewise constant extension of a bilinear multiplier 
symbol 0(n, m) of an operator : W^iT) x U''^{T) — > L^^iT), where 
^ + ^ = ^ < 1, gives a bilinear multiplier on M. In section |H we give 
other examples of A as in Jodeit which complements the results of [12] . 
Further the results hold for the entire admissible range of exponents 
Pi,P2 and P3. 

In Section [21 we give basic definitions and notation. 



2. Preliminaries 



Let 5(]R) be the space of Schwartz class functions with the usual 
topology and let S'{R) be its dual space. We say that a triplet {pi,P2, Ps) 
is Holder related if — + — = — .where Pi.vo > 1 and > h- 

For f,g E S(R) the Bilinear Hilbert transform is given by 

dt 



H{f,g){x) ■.= p.v. / fix-t)g{x + t)- 
Jr 

and has the following alternative expression : 

H{f,g){x)= [ [ f{^)g{r^){-^)sgn{^-r^)e'-"(^+^^d^dr^. 
Jr Jr 

In [To], [llj, Lacey and Thiele proved the boundedness of the above 
operator H from Lp^{R) x Lp^(R) LP''{R) for the Holder related 
triplet (^1,^2,^3), where 1 < J5i,j92 < 00 and | < J93 < 00. 

It is known that for any continuous bilinear operator C : S{W) x 
iS(M) <S'{W), which commutes with simultaneous translations there 
exists a symbol 'ipd^yV) such that for f,g & S(M.) 

C{f,g){x)= [ [ f{09iv)M^,v)e'^"^^+''^d^dv 
Jr Jr 

In the distributional sense we can write 

C{f,g){x)= / / f{x -u)g{x -v)Kc{u,v)dudv 



where Kq = Tpc (in the sense of distributions). 

Unlike in the linear case, the boundedness of the symbol ipc is not 
known. In this article we will be dealing with bounded symbols only. 
For V G L°°{M?) and f,ge 5(]R), we write 
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(1) cM,9)ix)= [ [ /(0^(^)v^(e,r/)e2™«+'')rfet^r] 

Jr Jr 

If for all f,gE S(R) the bilinear operator satisfies 

(2) \\CM^9)\\p3 < c||/||pi||^||p2, 

where c is a constant independent of f, g , then we say that is a 
bilinear multiplier operator associated with the symbol ip for the triplet 
(Pi)P2,P3)- The set of all bounded bilinear multipliers for the triplet 
(Pi,P2,P3) will be denoted by MPf p^iR). Forpg > 1, MPlp^{R) becomes 
a Banach space under the operator norm, whereas for p3 < 1 it forms 
a quasi Banach space. We will use the notation ||.{| for the operator 
norm and for convenience we will not attach any p with it. It will be 
understood from the context. 

Bilinear multiplier operators on T and Z can be defined similarly. 
We say that the operator V defined by 

V{F,G){x) := S„S„F(n)G'(m)0(n,m)e2-«("+™); 

is bounded from L^^ (T) x (T) L^^ (T) if for some constant c and 
for all trigonometric polynomials F, G we have 

||P(F,G)||,3<c||F||pJ|G|U 

Similarly on Z the operator 

V{a,b)il)= [ f a{e)h{p)i){e,p)e^^'^^^+P^dedp 

is said to be bounded from (Z) x /^^ (Z) —>■ 1^^ (Z) , if for some constant 
c and for all finite sequences a,b we have 

\\V{a,b)\\iP-s < c\\a\\in\\b\iP2 

The space of bounded bilinear multipliers on T and Z for the triplet 
(Pi;P2,P3) will be denoted by MPf^p^{T) and MPf p^{Z) respectively. 

3. Periodic bilinear multipliers 

Let ipi^iV) ^ ^plp2^^ ^ periodic function with period one in 
both variables, i.e. ipi^jfj) = ip{C, + l,ri) = ilj{^,ri + l). A natural 
question that arises is whether ipi^C^, rf) G M^'^p^^Z). In |2] Blasco proved 
a partial result in this direction. Conversely, given ip e MP^p^{Z) 
one can ask whether ip{^,r]) G MP^p^{M.). For linear multipliers see 
[1]. We address these questions here for the entire admissible range of 
exponents. In particular, we show that 
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Theorem 3.1. Let ip G L°°(R^) be a 1 -periodic funcfAon in both vari- 
ables. Then x/j e MPf p^{R) if and only if e MPf p^{Z), where the 
triplet (pi,P2,P3) is Holder related. 

Proof: First we will prove that if V' e MPlp^{R) then ^jj e MPf p^(Z). 
Let $ e S{R) be such that supp{^) C [0, 1],' < < 1 and 6{x) = 
l,\/x G [|,|]- If {dk} and {6^} are two sequences with finitely many 
non-zero terms, we define two functions fa,gb as follows 

fa{x) := ^ak<^{x-k) 

k 

and 



9b{x) := ^6i$(a;-/). 



It is easy to see that \ \fa\\Lp^{R) < Mlip^iz) and \ \gb\\L^^{m.) < \\b\\i^ 
Then 



7" 

Jo 



7' 

^0 



,7)e^'^^«+'')^ ^ Yl /«(^ + "^)^^^('^ + n)e^^'^^+'^'^^didr^ 

m n 

r^)e^-"^^^^-^)^ ^ + m)e2~ J] g^^ivi + n)e^^"'^d^d7j 



where we have used the Poisson summation formula in the last step. 



For a; G [j + |, J + |] = /j, we can write x = [x] + {x'), where {x') is 
the fractional part of x.Then 



m m k 

— \ ^ . p-27ri5m 

-27rj^(m— 



m 
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Thus 

m 

Similarly 

n 

Substituting these we get, 



Jo Jo 
= V^{a,b){j), 

where T>^ is the bihnear operator defined on /pi(Z) x Ip^C^)- Now 
\V4aMj)r = \CMa:9b){x)rXi,, 

fj+- 

= 2 / ' \CMa:9b){x)rdx 

Summing over j e Z, 



J -^^ + -4 



<2 J \C4fa,gb){x)rdx 
<2 ||C^ini/a||^?||5;,|l"^ 



Therefore 

For the converse:- 

Let ^ e MPf(Z). Define 



IP2- 



where 7 = [0, 1]. 
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Let f,g e C~(M), wc have , 
Jr Jr 

^ J2 I I fi^ + n)9iv + m)^{^ + n,7] + m)e2""(«+"+"+™^(iC(i77 
n,m J^J^ 

n m J I J I 



Hence, 



/ \C4f,g){x)rdx= [ \y^TKr,,mf{x-n)g{x-m)rdx 
= / E I E E Kn,mf{x + / - n)g{x + I - m)rdx 



P3 P3 
Pi / \ P2 



<^IP^ir (^E 1/(^-^)1"' j ' \^9{x-m)r\^ \x 
Using the Holder's inequahty with the exponents ^, ^, we obtain 



|Cv,(/,^)||p3<ll^^^ 



Pi I iy mp2- 

□ 



We now turn our attention to periodic extensions of compactly sup- 
ported bilinear multipliers. We will prove the following result. 

Theorem 3.2. Let i\) e iW|'3p2(M) he such that supp{il:) C Ixl. where 
I — [—1/2, 1/2]. Consider ip'^ the periodic extension ofip given by 

i^K^, ^) = E E ~ ^' ~ 

n m 

Then^^ G MPlp^{R). Moreover, Wi/j^ < c| 1-011, where c is a constant 
independent ofip. 
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As a consequence of theorem (13 .ip it would suffice to prove the fol- 
lowing. 

Proposition 3.3. Let ip G M^f^p^{M.) be such that supp^tp) C I x I. 
where I = [-1/2,1/2]. Then ip^ e MPlp^{Z). Moreover, \\tpm <c||V'||. 
where c is a constant independent ofip. 

We will need the following two lemmas. 

Lemma 3.4. Let ip e M^^^p^CR) be such that supp{%p) C I x I. Then 

forf,ge S{R), supp C^g) C [-2,2]. 

Proof: Let h E SiR) be such that supp h C [-2, 2]^ Then 

'C^bif,g),h^ = (c^{f,g),}ij 

fmiv)H^,v)e''''''^^^'^d^dvhix)dx 




Jr 



Thus 



[C4frg),h^=0 

This proves the lemma. □ 

For the proof of Proposition (13. 3p we will use the following result. 

Lemma 3.5. [4] Let < p < oo and g be a slowly increasing C°° 
function such that supp{g) C [— -R, -R], then there exists a constant 
C > 0, depending on p such that 



max{l,R) / \g{ 



x)fdx 



This is a well known sampling lemma. 

Now we prove Proposition (13. 3p . 

Proof: Let $ G S{R). 

Let a = {ofc} and b = {bi} be two sequences with finitely many 
non-zero terms. 

We define fa{x) := J^^^k^i^ "~ ^) 9b{x) := — /). It is 

k I 

easy to see that 

||/a||LPi(R) < c||a||iPi(z) 



\gb\\LP2(R) < c\\b\\iP2(Z) 
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where c = ^ — 01- 

Also, faiO = ^iO^iO- Similarly, gb{r]) = ^{7])b{r]) 
We write the operator 



Choose $ such that $ = 1 on I. Then at the integer points we get 



Using lemma (13.51) we get, 
J2\1^A(^Mn)r = J2\Wa,9b){n)r < C^^pP' [ \C4fa,9b){x)rdx 



I.e. 

\\'D^{a,b)\\p.^ < Cp.J\C^\\ ||a||p,||u||p2 

□ 

4. Jodeit type extension theorems 

In this section we will explore some extensions of bilinear multipliers 
on T to bilinear multipliers on M. Essentially our results are analogues 
of Jodeit type of extensions in the linear case. Our proofs are re- 
finements of Jodeit's original proofs. For the sake of completeness we 
include the proofs here. We will need the following lemmas which may 
be of independent interest. 

In what follows J will denote the interval [—1/2, 1/2). 

Lemma 4.1. Let (f) e MPlp^{T). 

(i) IfP3 > 1 andae then a * (f) e MP3p^(T) and ||a * 0|| < 
||a||i||0||- 

(ii) Ifps <1 andae ^^(Z^) thena*(f) G MPf p^(T) and ||a* 0|| < 

Il«llp3ll0l|- 
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Proof: For pa > 1, this is an immediate consequence of Minkowski's 
inequality. Assume ps < 1 and Let T' be the operator corresponding 
to a * 0. For / e i7i(T) and g e i72(T), 

iiru*)iis^/iE-^(».™)/(*(™)e— 

= J - ^, w - k)f{n)g{m) e2'^^^("+"^) jf^rfa; 



',fe n,m 



l,k n,m 

< ii7^ini«ii^^ii/ii^?ii^ii^^ 

The first inequahty follows from ^ Z^lo;?!^) < p < 1 and 

i i 

the second from the assumption that the operator T is bounded. Hence 
we obtain 

□ 

Lemma 4.2. Let (f) e M^^^p^iT). For a positive integer k ,we de- 
fine (f)k as follows m) := (j){n/k,m/k) if k divides both n,m, and 
(f)k{n,m) :— otherwise. Then (pk G MP^p^{T) with norm not exceeding 
that of (j). 

Proof: For / G L-(T), let F{x) = i'^V(^)- 





'J 



= lj(x)e- 

= f{kn) 

Also note that ||F||i < ||/||i and \\F\\^ < \\f\\oo- Hence 

||F||p< ll/IU l<p<oo 
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Similarly for g G L°°(T), we define G. Let be the operator corre- 
sponding to (pk- Then 

n m 

= ^ ^ f{kn)g{km)(l){n, ^)e2-*^(^"+'=™) 

n m 
n m 

= T{F,G){kx) 
\\Tk{f,9)rpl = ljT{F,G){kx)rdx 



Hence 



fc/2 

\T{F,G){x)\P'dx 

-k/2 

\T{F,G){x)\P'dx 
< llTlPs II FllPa ||/^||P3 

— IK II ll-' Ilpill'-^llp2 

Thus we obtain that (pk is in M^'^^p^iT). □ 

Our first extension result is the following theorem. 

Theorem 4.3. Let be in M^^^^lT) and S be a function supported 
in X such that its periodic extension from J x J satisfies 
J2 |'S'''(n, m)\P < oo , where p = min (1,^3). 



Then ip{^,vi) := (j){n,m)S{^ — n,ri — m) G MPfp^{M.). Moreover, 

n,m 

< c\\(p\\, where c = 2^/^ ^ \Si{n,m)\P < 00. 



Proof: It is enough to prove that 4'r{^,v) = '^'Pi^^k) rl'l+l'^IS'(^ — 

l,k 

1,7] -k) belongs to MP3p^(M) for < r < 1 with < c||0||. Let k^^ 

be the kernel corresponding to the bi-linear multiplier 0(n, m)r''^'"'"'™'. 
Clearly, K^^S = ipr, considered as a function on M^. From lemma (14.11) 

K^* = k^^ * S* belongs to M^3^^(T). 

Let / G S(M.) and for each n G Z, let /„ denote the 1-periodic 
extension of the function f{x + n/2)xj{x) from J. Then it can be 
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easily verified that 

n 

Now for X G I J we liave, 

C^rif, g){^ +2) = J,J,/^''-^+2^3{x-s + -){K^^S){t, s)dtds 




fn{x - t)gn{x - s){K^^.S*){t, s)dtdi 

J J J J 
Thus, 

\\cM9)\\;i < T.(^\\m\fnm9nr 



IP2 

n 

Pali f\\Pa\\n\\P3 



The last inequality follows as an application of Holder's inequality. □ 

Our next result is the piecewise linear extension of G M^'^^^iT) to 
V^GM^3^^(R). 

Theorem 4.4. Let (p G MPf p^(T) and ps > \. If A{xi,X2) = (1 - 
|a;i|)(l — |a;2|) in [—1, 1) x [—1, 1) and otherwise. Then the function 
ip defined as 4'{C,,ri) := ^ ^(n, m)A(^ — n,!] — m) G M^^p^iM.) and 

n,m 

<cM\. 



Proof: Consider S{x,y) = ^rl^^g)? - Let S^/x, be the 1 - 
periodic extension of x^+^j{'^)XL+ij{y)S{x., y) from (| + J) x (| + J). 
An easy computation using integration by parts gives that for n, m 7^ 

C 

Hence, by Theorem 14.31 we have ^ 0(n, m)Sk,i{i — n,ri — m) belongs 

n,m 

to M^^^p^(K) with bounds not exceeding (Y:pp^^:^2y||0||. 

Thus ^ (f){n,m)S{^-n,r]-m) = ^ 0(n, m)A(i^, ^) is in MP3p^(R). 

n,m n,m 

By applying Lemma we get iIj G M^^^^iM^ with the required bound. 

□ 

As a consequence of this we get the desired piecewise constant ex- 
tension result i.e.. 

Theorem 4.5. Letcj) he in M^'^^^iT) , wherepi,p2 > 1. ThentpiCv) • = 
E 0(n,m)xjxj(e -n,ri-m)e MP3^^(M). 

n,m 
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Proof: Define (j)2{n,m) := (f){n/2,m/2) if n,m both are even and 
02(n, m) := otherwise. By Lemma (I4.2p . (f)2{n,m) G MP^^^iT) and 
1 102| I < 1 101 1- Consider 92{n, m) = 4>2{n, m) + (l)2{n — 1, m) + 02('^, — 
l) + 02(n-l,m-l). Clearly, 62 e M^l^^iJ) and H^all <4||0||. 

Let A(^,r/) = (1 - |^|)(1 - in [-l,'l) x [-1,1), and elsewhere. 
Then by Theorem 14.41 02(^,77) = ^ 6'2(n, m)A(^ — n, 77 — m) is in 

n,m 

MPf p^(M). Note that e2(e,r/) = 0(n,m) if (^,7/) G [2n, 2n + 1] x 
[2m, 2m + 1]. Let x be the 2-periodic extension of a function which is 
1 for < X < 1 and for -1 < x < 0. We know that x ^ Mp{R) 
ioi p > 1. Hence ^2{^,v) = mx{v)Q2{^,v) e Mpi^^(R). Now 
^2(^5'?) = (j){n,m) for 2n < ^ < 2r;, + 1, 2m < rj < 2m + 1 and 
^2(i, r]) = otherwise. Since r]) = ^'2(2^, 2?]) + ^2(2^ + 1, 2?]) + 
^2(2^, 2r7 + 1) + ^2(2^ + 1, 2r/ + 1). The result follows. □ 

Remark: The above theorem does not hold if either of pi,P2 is 
1. This is very easy to verify. Without loss of generality, we can 
assume that pi = 1. Let G Mi(T), and T G Mi(]R) corresponding 
to the piece- wise constant extension of 0. Put (j){n,m) = (j){n). Then 
by Holder's inequality G Mf^p^{R). Suppose the piecewise constant 

extension ipi^^rj) = (j){n,m)xjxji^ - n,?] - m) = E0Hxj(^ - 

n) is in M^l^{R). Then for / G Li(M) and g G Lp,(R), we have 
\\CM,9)L= \\T{f).g\\ps < Now notice that ^ and g 

are conjugate indices and = Hence by using duality 

P3 

we get ||T/||i < c||/||i. But this is not true for any nonconstant 0. 
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